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Allllnd-Tbe hiP order theory of plate deformation developed in Ref. [I I and [21 is furtber eUlllined
herein. Specifically, stress solutions are liven and evaluated .,.mst exact elutic:ity solutions under
strinaent abort wave leDIth load conditions. By the first method the Stl'csses are evaluated direc:tJy from the
resultina displacement solutions. In a more refined procedure, the transverse shear stresses and the
transverse normal stress are evaluated by an alternate equilibrium method. The latter proc:edure is shown to
be more accurate than the former.

INTRODUCTION

It has long been recognized that classical plate theory must be modified to treat certain hiP
order effects. The first comprehensive generalization of the classical theory was that given by
Reissner[3]. Since Reissner's work, there have been a great many further generalizations
beyond the classical theory assumptions, with perhaps the highest order theory to date being
that given by Lo, Christensen and Wu[l] and [2). Preliminary steps were taken in Ref.[t) and
[2) to assess the accuracy of the theory. In this paper this important subject is examined in
greater detail.

The theory developed in Ref.[t) and [2) is based upon an assumed displacement field of the
type

U=UO(x, y)+ zf/I,,(x, y)+ Z2,,,(X, y)+ Z3q,,,(X, y)

v = VO(x, y)+ zIfi,(x, y)+ Z2,,(X, y)+ z3cM~ y)

w =wO(x, y)+ ~.(x, y)+ Z2,.(X, y)

(J)

where u and v are the in-plane displacement components, w the out of plane or transverse
component, z the normal coordinate, and the remaining functions in (l) depend upon the
in-plane coordinates x and y. The governing theory, based upon the principle of stationary
potential energy, resulted in eleven second order partial differential equations to determine the
eleven functions in (1). It appears that an approach of this type is the logical way to proceed if
one wishes to determine only the displacements. It is less clear that this approach is the most
expeditious method if one seeks to determine stresses. Now the comparisons with exact
elasticity results given in Ref. [1] and (2) were only for the in-plane stress components, the
transverse shear stresses and the transverse normal stress were not evaluated. Therefore the
more complete stress information to be given here will help to answer the question of the
general accuracy of the theory. Before proceeding with this however, it is useful to consider the
three theoretical approaches to plate and shell development, and some advantages and disad
vantages of each.

The first and most obvious approach to deriving an approximate plate theory utilizes
assumptions upon the forms of displacements, as in (1). The governing differential equations
could then be derived either by a direct method as in the case of classical plate theory, or by the
use of the principle of stationary potential energy as in Ref. (1). Equilibrium is violated by this
approach, that is to say, the equilibrium equations are only approximately satisfied through
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weiahted averqes. The second possible approach is the direct reversal of that just described.
Stress expansions in z are assumed and the governing difterential equations are derived either
by a direct approach or by the use of the complementary eneri)' principle. Typical examples
of this approach include the work of Ref. [4]. In this method the equilibrium equations are
satisfied, the stress-strain relations are satisfied, but the compatibility ofdisplacements is violated.
In the third approach. assumptions are made upon both the stress states and the displacement
forms whereby both equilibrium and compatibility conditions are satisfied. However the stress
strain relations are violUed. Reitsnor's pbate. theory is thelJlOlt common form of this type [3].

It is the stress state which usually is the item of interest in most problems. Accordingly it
miaht seem to be most rational to use either of the latter two stress type theories. but not the
theory which depends exclusively upon displacement assumptions. However. such reasoning
involves one serious problem, namely it would eliminate the extension of the theory to model
laminate behavior. This consequence is because of the fact that in laminates the in-plane stress
components are discontinuous and it becomes an exceedingly complex matter to construct a
high order theory which must inherently account for discontinuous stresses. However. even in
laminates the displacements, of course. are continuous, and since a major impetus in construc
ting new.biIIt orderthunes is for use with laminates, it is herein consiclered necessary to
proceed with the displacemeDt theory of 1W.[1]. The displqementtheory of RoMI) in fact has
been extended to·model.llIIliaates by Lo, Christensen and WU[2].

This status of afairsstilileaves us with some uncertainty. Is the displacelQent type theory
of Ref. [1] and [2) the best means by which to deduce the stress state under conditions where
high order elects are of importance? The doubt'arises because the equilibrium conditions are
violated by the theory wboreas stresses possess a one to one correspondence to the equilibrium
conditions. However, .u.ere is one possible means by which .. the accllr&C:Y of the. stresses
obtained by this diqllCClIlent type theory can be improved. The possible procedure is as
follows. Use thebilb~r tboory based upon (1) to deduQe. the in-plane stress components. C1'1t.,

C1'.,. and 1'..,. Then insert these stress solutions into the. equilibriwn eqqatiou and solve for the
out of plane/transverse stress components 1'1" Ta and C1'r by i~ion. This procedure clearly
results in a stress solution which satisfies equilibrium exactly. The procedure is SQIICSted by
the classigal thcory~, which does not directly provide a solution for the transverse
stress components, and they have to be found by the method described above.

Thus. the stresses implicit in the hiah order displacement type theory of Ref. [1] and [2] will
be determined by two separate means. First. the in-plane and transverse stresses will be found
directly from the displacement solution through the use of the strain-displacement and stress
strain relations. By the second method thein-plane stresses will be found by the method just
described and they will then be used to determine the transverse stresses by integrating the
equations of equilibrium. These two alternate methods of deducing stress will be compared and
tested apinst exact elastieity solutions in the case of homoaelWous plates. Then the second, more
refined, procedure will be applied to laminates.

THEORETICAL CONSIDERATIONS
The assumed displacement fields areaiven by relations (1). The polynomial expansion for w

is truncated at one order lower than the expansion for u and v such that the contributions to
the transverse shear strains from u and v are of the same order in z as that from the terms in w.
The strain-dispiacement relations of the linear theory of elasticity are

and

Ex = U~1t. + zl/lx.x + Z2,x.x + Z3q,Jt.JC

E, = v~, + zI/I", + Z2"" + Z3.,,,
Ez =I/Iz +2z(z

'Y1t., ='Y~ +zfxy + z2fJ1t.'/ + Z3Kxy

'Yxz = 'Y~'/ + zfxz + z2fJu

'Y,z = 'Y~z + zf,z + z2fJ,/z

(2)

(3)
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~=~+~; ~=~+~; ~=~+~

~=~+~; ~=~+6; ~=~+~

K"y = q,,,,y + q,y,:'
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(4)

The stress-strain relations appropriate to an anisotropic material are given by

CT" CII CI2 Cn CI4 CIS CI6 E"
Uy C22 C23 C24 C2S C26 Ey

CT: = C33 C34 C3S C36 E: (5)
1',: C"" C4S C46 1,:
T"y Sym Css CM> 1%%
T"y C66 1",

where Cjj. i. j =1, 2, . , , 6 are the stiffness coefficients. The derivation of the governing equa
tions for this higher order plate theory is given in Ref.[t) for homogeneous isotropic plates. and
its extension to laminated plate conditions is given in Ref. [2]. The evaluation of the stresses will
now be given by the two methods mentioned in the introduction.

STRESS EVALUATION. HOMOGENEOUS PLATE

An infinite homogeneous isotropic plate is subjected to sinusoidal loadings as in Ref.[t). The
prescribed surface tractions are

CT:(h/2) =qo sin (7) CT:( - h/2) =0

and
Txz( ± h/2) = Ty:( ± h/2) = 0

where h is the plate thickness.
The solutions to the plate problems are [I],

u = [Ao+ zA. + z2A 2+Z3A 3] cos (~)

v=o

w = [CI + zC2 + Z
2C3] sin (~)

(6)

(7)

(8)

where the constants Ao, A h A 2, A3 and Ch C2 and C3 are obtained by satisfaction of the
governing differential equations and boundary conditions. From (3H5) the transverse stress
components appropriate to a homogeneous isotropic plate are

CT: = A(u~" + V~y)+ (A + 21£)1/1:

+ z[A(I/I" +(I/I"y) +2('\ + 21£ )(:]

+ Z2AU" + {",) + Z3,\(q,x.x + q".,)

and

Tn = 1£(1/1" + w~,,)+ Z#L(2'" + "':...)+ z2#L(3q,,, + 'z.x)

1',: = IA-("'y + w~,) + zlA-(2', + "':,,) + z21L(3q" + 'z,,)' (10)
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Substituting (8) into (9) and (10) gives the transverse stress components for the infinite plate

and

1'yz =O.

These stresses are of course those deduced directly from the theory, and they will be displayed
graphically for particular values of hiL, i.e. tbe ratio of the thickness of the plate to the
characteristic lenath of the loamn, pattern. First of all, however, these same stress components
will be evaluated by the alternate method mentioned in the introduction.

The in~plane stress components for the problem under consideration are given in Ref.{l}.
TIlnei....plane stJesse! are iubstitu&ed into the equilibrium equations

t1'IIJ =0

to yield, after integration, the out of plane/transverse stress components:

and

(13)

(14)

(15)

where die top and bottom surface traction conditions (6) and (7) have been used to evaluate tbe
co8itallts of intqration.

The corresponding exact elastic:ity solution for this problem is liven in Ref. (S). among many
other sources. Before comparing the two alternate means of deriving the stresses, first the
correspondin& results for a particular liminated plate will be stated.

LAMINATED PLATE

The laminate to be considered is tbat of symmetric cross-ply geometry with each lamina
being orthotropic. Using relations (5), (8) and (13), the transverse stress components are found
to be

(16)
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(17)

where the index Ie refers to the leth layer and where fit) and ,'It)(x) lire determined from the
boundlry and continuity conditions. These transverse stresses are those found by the method
involved in usina the in-plane stresses in the equations of equilibrium which are then intepated
to find the three remainina transverse stress components.

Further consideration will be limited to the case of a three layer laminate arranaed with the
fiber directions~by [O'f9OD/o-) and with the laminae bavina equal thietness of 1t/3. The
followina expressions are obtained for f")(x) and ,"(x).

(18)

(19)

(20)tt] la' .".2 114 .".2} (trX)+2cWC'1 +i4CWA21:1-i4CWA'1:1 cos T

,(I)(x). Qo sin (~)+~ f1)(x) - {~2 [CWAoy; - C\YC2;]+~ [ CWA, y;- 2C\?C'~]

la
4

. ) .".' la' l) ""'}. (1I'X)+192 C11A2V+ 640 C\,A,V SID T (21)

,12~X).~ [~(X)- f1)(x)] +,(I)(x) +{~; [(CW- CWlAoY;-(CW- CWlC2~]

la' [ .".' .".2]+ii96 cW- CWlA1V- 2(C\Y -= cWlc,1:1

+15~~2 (C\?- CWlA2Y;+ IS~;20 (cW- CWlA,r:} sin ('~)

(23)
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where the sUbKripts 1. 2 and 3 refer to the 0", 90" and 0" layers, respectively.
The stress distributions will be displayed for lamina of the following properties which are

typical of hiah moduluspoaphite/epoxy composites

EL =25 x 10' psi; ET =10' psi

GLT =0.5 x 10' psi; GTT =0.2 x 10' psi

JILT =Vrr =0.25.

(24)

where L aIId Trefer to the properties aloaI and tnasverse to tbe·fttIer directions. respectively,
and liLT is thePmuon's rado measurinI transverse striin under nonnahtl'esS patallttto the
fibers.

DISCUSSION

The tra8IYenC ..... stma and U'UIverse shear stress for·tIw .......... isetropic
plate case are given in YIP. 1-3. The dilereaee in dine ......it .. to the~"",in the
ratio of It/L. i.e. the ratio of tbickness to half wave lenath of the sinusoidal load. In 1711. I, for
It/L =1/4, tbe normal sueua cak:uflded by the two dift.rent means are compared with the
exact solutions. For this small value of It/L. the transverse shear stresses calculated by the two
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methods are so close to the exact solutions as to make them look identically eqUII papbicaDy.
Clearly the transverse normal stresses found by the intepation of the equatiorts of equilibrium
are far more accurate than those obtained directly from the diap1acemortt solution throuIh the
strain displacement and the stress-strain relations. The results shawn in these fipres reveal
that the transverse stresses found by equilibrium equation inteantion to be more accurate than
those found directly from the displacement solution. with these results beiDa under strinIent
short wave lenath load conditions. As discussed in Ref.[l] the maximum ratio of It/L for whicb
the theory bas reasonable validity is about hiL - I and the results shown here corroborate this
ccmclusion.

It is of interest to note from rigs. 1-3 that the transverse stresses obtained directly fl'Ofll1he
displacement solution violate the top and bottom traCtion conditions. An examination of the
derivation in Ref. [1] reveals this to be a consistent aspect of the method. Thus even thouab the
tractions enter the theory as boundary conditions. this process actually occurs tIlrouP an
ecpdIibrium weilbtina metbocl. thus the theory does not provide exact Hlisfaetioa of these
boundIry conditions. Consider however. the alternate method of obtainiDI the 1rUtVene
stresses from intepaEiIl8 the equilibrium equations utiliziDa the in-plane strelses found diI'ectIy
from the displacement solution. In this case the boundlry tractions are automatically satiIhd
throuIb the evaluation of the constants of inlep'ation. A simillr situation exists in the case of
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IUI.1Id plate•. Trau"•• SU'euet evalul&ed directly from." diQlege.-. soluQoa. wouW
in ..-a1 not be cOlHiDuous ICI'OII the~ .............. I¥>wever die ~erse
sn.... found by the eq.ilJriuanaedlodpqKl&edhereiaprovide CGIltiIuaous· stress with exact
sa&Wac:tionof top and boUoID_~ eeeditions.

The reW&sfora three layer·"•• 1Iaewa in 1'..4_ S, fOf" v.. of It/L -1/4.
The exact eluticity soIueio. it. taMe fr_ Ptpao(6). It is tbIlttlle CMe of. the
I...... provides .much more ......... condidona to a pla&e tMtrY dIaD
does.Iao."'llBoua cODdidou. N.~"'..,as seellintbeeo ·~
method of aeaerating transverse stresses provides a reasonable approximation to die euct
solution.

CONCLUSIONS

11Ile present hiIb onier thtorYof ....~..... to,prcwide~y_~
predictions of. bellevior uacIet sbclrt 'tawe''''''' coaditiont. Tbit·~ is vllidl. ·beda
ho•••,IBOlIa ud for I_il...s; .. u showD by. resulll. _i·•• are 1Il_ aore
........of, ·... fIIJUI 1fC......·......In~I.·......dill""'."" the __ efprilM.i-..s ,.....tdi..J.PiIIIIDt type~ ......
to provide a~le _ ·biab .,cler ea.ct $Oludon. 1D~1BI where tho StJeHOS .we the
quantity soupt it has been sbown that the present theory still provides hiahlY accurate stress
information. It has been demonstrated that the best method fQr determiDin. the stresses
involves determining the in-plane stresses directly from the displacc;ment solution and thence
determining the transverse stressesthrouab the intqration of the equations of equilibrium.
utilizina the in-plane solution therein. This method is of course applica8le to a theory of any
order not just the present hiIb order theory. The success of the method was virtullly assured
by the fact that it is the only possible procedure for use at the level of the clusical theory
assumptions.
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